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Abstract
In this note, we show that a part of [5, Remark 2.2] is not correct.
Some conditions are given under which the same holds.
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The following result was proved in [5, Remark 2.2].
Theorem 0.1. If R ⊂ T are Noetherian rings such that there does not
exist any integrally dependent adjacent Noetherian rings between them, then
for each c¯/b¯ ∈ T/Z (where Z = Rad(T ) = Rad(R) and b¯, c¯ regular in R/Z),
we have either c¯/b¯ ∈ R/Z or b¯/c¯ ∈ R/Z, and so (R/Z)[c¯/b¯] is a localization
of R/Z.
The following examples show that the above result is not correct:
Example 0.2. (1) LetR = Z and T = Z[1/p], where p is a prime number.
Then clearly R ⊂ T are adjacent Noetherian rings, R is integrally closed
in T , and Rad(R) = Rad(T ) = 0. Now, q/p ∈ T \ R for any prime q
distinct from p but p/q /∈ R.
(2) Let R = Z(+)M and T = Z[1/p](+)M , where p is a prime number and
M is any finitely generated R-module as well as T -module. Clearly, R is
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integrally closed in T and R ⊂ T is adjacent. Also, by [1, Theorem 4.8],
R ⊂ T are Noetherian rings. Note that Z = Rad(R) = Rad(T ) =
0(+)M and so by [1, Theorem 3.1], R/Z = Z and T/Z = Z[1/p]. Now,
q/p ∈ T/Z for any prime q distinct from p but neither q/p /∈ R/Z nor
p/q /∈ R/Z.
Remark 0.3. (1) Let R ⊂ T be an extension of Noetherian rings such
that there does not exist any integrally dependent adjacent Noetherian
rings between them. Then R is integrally closed in T , by the proof of
[5, Theorem 2.1], and hence Rad(T ) = Rad(R). In addition, if Z(T ) =
Z(R), then Z(T/Rad(R)) = Z(R/Rad(R)) as the set of zero-divisors in
a reduced ring is the union of minimal prime ideals. Now, if Theorem
0.1 holds, then it is easy to see that R/Rad(R) and T/Rad(R) are local
(proof follows mutatis mutandis from the proof of [2, Theorem 1.5] and
[2, Corollary 1.6]). Consequently, R and T are local. Conversely, if
R ⊂ T is an extension of local Noetherian rings such that there does not
exist any integrally dependent adjacent Noetherian rings between them,
then the proof of [5, Theorem 2.1] shows that Theorem 0.1 holds. In
particular, for an extension of domains, Theorem 0.1 holds if and only if
the domains are local.
(2) Note that if (R, T ) is a normal pair (in the sense of [3]), then there does
not exist any integrally dependent adjacent rings between them. Let
R ⊂ T be an extension of Noetherian rings such that (R, T ) is a normal
pair. Then T/Rad(R) is an overring of R/Rad(R), by the proof of [5,
Theorem 2.1]. Now, if there is at most one maximal ideal of R which
is not minimal prime, then the proof of Theorem 0.1 follows mutatis
mutandis from the proof of [4, Proposition 3.6(b)] and part (1). Note
that the condition that R is complemented in [4, Proposition 3.6(b)] is
not required here.
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